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Abstract: We study the operator product expansion (OPE) of two identical scalar
primary operators in the lightcone limit in a conformal field theory where a scalar is
the operator with lowest twist. We see that in CFTs where both the stress tensor and
a scalar are the lowest twist operators, the stress tensor contributes at the leading
order in the lightcone OPE and the scalar contributes at the subleading order. We
also see that there does not exist a scalar analogue of the average null energy condition
(ANEC) for a CFT where a scalar is the lowest twist operator.
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1 Introduction
The operator product expansion (OPE) is used often in non-perturbative studies of
quantum field theories. It states that the product of two nearby operators can be
replaced by a sum over all the operators present in the theory. The OPE has all
the informations of the corresponding theory. In a conformal field theory (CFT) the
OPE takes the following form
O1(x)O2(0) =
∑
O
CO1O2O(x, ∂y)O(y)|y=0 (1.1)
where CO1O2O(x, ∂y) is a power series in ∂y and the sum is over all primary operators
O. In recent time it has become very useful to study the OPE in the lightcone limit.
Given two operators in a CFT the lightcone limit is taken in a way such that the two
operators approach the lightcone and become null-separated. The OPE of two such
operators is known as a lightcone OPE [1]. In a CFT the lightcone OPE is dominated
by the operators of the lowest twist, where twist of an operator is τ = ∆− l, ∆ and
l being the mass dimension and spin of the operator respectively [2]. The lightcone
OPE can be inserted inside a CFT correlator to compute the conformal blocks which
can be used in the bootstrap programs [3–6].
In a seminal work, Hartman et al. found that the lightcone OPE of two identical
scalar primary operators in a CFT with the stress tensor Tµν as the lowest twist
operator has a global contribution from the so called average null energy operator
defined as
E =
∫ ∞
−∞
du′ Tuu(u′, v = 0) (1.2)
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where u, v are the lightcone coordinates [7]. Inserting the lightcone OPE into corre-
lation functions and studying their analyticity properties it can be proved that the
averaged null energy condition (ANEC) - one of the important statements of general
relativity - holds in a CFT [7–10]. The ANEC is written as the following operator
statement in CFTs:
〈Ψ|E|Ψ〉 ≥ 0 (1.3)
This means that the averaged null energy operator E has a non-negative expectation
value in any arbitrary state Ψ. This condition is also proved in the theory of quantum
information using the monotonicity of relative entropy [11]. There exist some other
proofs of the ANEC as well which hold only in free or superrenormalizable theories
or in 2 dimensions [12–16].
However there are CFTs with the scalar primary operators having the lowest
twist, for example, the long range Ising model, the φ3 theory in 6 −  dimensions
and the N = 4 supersymmetric Yang-Mills (SYM) theory in 4-dimensions. In the
long range Ising model [17–21] and the φ3 theory in 6−  dimensions the lowest twist
operator is a scalar [22, 23]. For N = 4 SYM, both the stress tensor and a scalar
primary operator that belong to the short multiplet have the lowest twist [24–26].
In this paper, we study the lightcone OPE in such CFTs and try to see if one can
obtain a scalar analogue of the ANEC. We also see that a scalar analogue of the
ANEC does not exist in a CFT where the scalar is the lowest twist operator.
This paper is organised as follows. In section 2 we describe the lightcone limit
and the lightcone OPE. We also show how the lightcone OPE can be used to prove
the ANEC. In section 3 we study the lightcone OPE in a CFT where a scalar is
the lowest twist operator. We pick a specific example of a theory where a scalar is
the lowest twist operator - the long range Ising model. We also study the N = 4
supersymmetric Yang-Mills theory in d = 4 which has both the stress tensor and a
scalar primary as lowest twist operators. We show that at leading order only the
stress tensor contributes to the lightcone OPE and not the scalar. In section 4 we
show that we cannot have a condition analogous to the ANEC for scalars. We finally
list our findings and conclusions in section 5.
2 Generalities
In this section, we briefly describe the lightcone OPE in a CFT and its use to obtain
ANEC from causality. We shall work in the lightcone coordinates (u, v,x) defined
as:
u = t− y ; v = t+ y (2.1)
where (t, y,x) are the Cartesian coordinates which describe the Minkowski space-
time R1,d−1. Let us consider two identical scalar primary operators ψ(u, v,0) and
ψ(−u,−v,0) in a CFT. Since we restrict ourselves in the x = 0 plane in the rest of
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the article, from now on we denote ψ(u, v,0) as ψ(u, v) unless otherwise mentioned.
In the lightcone limit these two operator insertions approach the lightcone.
vu
ψ(u, v)
ψ(−u,−v)
Figure 1: Lightcone limit
For example, as shown in the Fig. 1 we first take the limit v → 0 and then the limit
u→∞. Thus in the lightcone limit we have:
|v|  1|u|  1 (2.2)
In this limit the distance between ψ(u, v) and ψ(−u,−v) is √4uv  1, i.e. they are
null-separated.
The OPE of two primary operators in the lightcone limit is dominated by the
operators of the lowest twist [2]. If a CFT has the stress tensor to be the low-
est twist operator, then in the v → 0 limit, the leading order contribution in the
OPE comes from the following components of the stress tensor and its descendants,
Tuu, ∂uTuu, ∂
2
uTuu, .... This allows us to write the lightcone OPE in the following
summation form
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1 + vu
3
∞∑
n=0
cn(u∂u)
nTuu(0) (2.3)
where cn are constants to be determined from the dynamics of the CFT. It is more
useful to see the lightcone OPE in the following integral form [7]
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1−
15cψψT
cT
vu2
∫ u
−u
du
′
(
1− u
′2
u2
)2
Tuu(u
′
, v = 0) (2.4)
where the constants cψψT and cT are the dynamical quantities that appear in the
correlators 〈ψ(u, v)ψ(−u,−v)Tuu(u3, v3)〉 and 〈Tuu(u, 0)Tuu(u3, v3)〉 [27]. Notice the
kernel in (2.4),
(
1− u′2
u2
)2
has been chosen such that at large u it goes to 1 and it
is consistent with the three-point functions. Finally we take the u → ∞ limit as
mentioned before to get the lightcone OPE as
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1 + λTvu
2E (2.5)
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where λT is a positive constant and
E =
∫ ∞
−∞
du′ Tuu(u′, 0) (2.6)
is the average null-energy operator.
Imaginary time axis
y-axis
R
R
O(t = iz)
O(y = −z)
O(y = z)
O(t = −iz)
Figure 2: Action of rotation operator R.
One can use the lightcone OPE to get an ANEC in the CFT. In [7, 10, 28], it is shown
that for an arbitrary operator O (not necessarily primary) the ANEC becomes
〈O†(t = iδ)EO(t = −iδ)〉 ≥ 0 (2.7)
where O = R.O with the rotation operator R which causes a rotation by pi
2
in the
τ − y plane where τ = it, as shown in figure 2. The proof is outlined in appendix A.
3 Lightcone OPE with the lowest twist scalar primary
Now we look for a lightcone OPE when a scalar is the lowest twist operator in a
CFT. The twist of a scalar primary φ is τ = ∆φ where ∆φ is the conformal weight of
the scalar primary. For a scalar it is evident that its descendants also have the same
twist. As we are taking v → 0 limit, naturally the v indices of the descendants will
not contribute to the OPE at leading order. Thus, the operators that appear in the
lightcone OPE are φ, ∂uφ, ∂2uφ, ... and so on. Thus in this case the summation form
of the lightcone OPE becomes
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v) = 1 + (uv)
∆φ/2
∞∑
n=0
cn(u∂u)
nφ(u, 0) (3.1)
To find an integral from of the lightcone OPE in this case we begin with the following
ansatz
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v) = 1 + f(u, v)
∫ u
−u
du′K(u, u′)φ(u′, 0) (3.2)
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We demand the kernel K(u, u′) should go to 1 in the limit u → ∞ as in (2.4).
Looking at the term (uv)τ/2 in (3.1) we choose f(u, v) = (uv)
∆φ/2
u
and write (3.2) as
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v) = 1 + λ
(uv)∆φ/2
u
∫ u
−u
du′K(u, u′)φ(u′, 0) (3.3)
where λ is a dimensionless dynamical constant that can be determined from the rele-
vant correlators. To obtain the kernel we have to consider following CFT correlation
funcions:
〈φ(u, 0)φ(u3, v3)〉 = 1
[(u− u3)(−v3)]∆φ (3.4)
〈ψ(u, v)ψ(−u,−v)φ(u3, v3)〉 = cψψφ
(4uv)∆ψ−
∆φ
2 [(u2 − u23)(−v23)]
∆φ
2
(3.5)
〈ψ(u, v)ψ(−u,−v)〉 = 1
(4uv)∆ψ
(3.6)
These correlators are exact solutions of the conformal Ward identities, i.e. they are
fixed by the conformal symmetries upto some multiplicative constants. Now we use
(3.3) to compute the three point function 〈ψ(u, v)ψ(−u,−v)φ(u3, v3)〉 and comparing
with the right hand side of (3.5) we determine the kernel to be
K(u, u′) =
(
1− u
′2
u2
)∆φ/2−1
(3.7)
The kernel for lowest twist operators with general spin is available in [7]. Finally we
take the limit u→∞ to write the lightcone OPE as
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1 + λ
(uv)∆φ/2
u
∫ ∞
−∞
du′
(
1− u
′2
u2
)∆φ/2−1
φ(u′, 0)
≡ 1 + λ(uv)
∆φ/2
u
S (3.8)
Recall that in the lightcone limit uv is very small as compared to 1 and u → ∞.
This helps us to see that when the correction term from the scalars in the lightcone
OPE is in subleading order or negligible in comparison to the identity term whenever
the mass dimension ∆φ is positive, i.e. the CFT is unitary. Let us now consider two
specific examples of conformal field theories in which scalar primaries are the lowest
twist operators.
Long-range Ising model
The long-range Ising (LRI) model is a unitary theory where there is no conserved
stress tensor at the fixed point [17–21]. In d-dimension the theory is described by
the Hamiltonian
HLRI = −J
∑
ij
SiSj
|i− j|d+s (3.9)
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where 1 ≤ d < 4 [17]. We take s to be d/2 < s < s∗ where at s = s∗ the theory
becomes short-range Ising model. In this domain of s the theory describes a non-
trivial universal fixed point whose field theoretic description is given by
S =
∫
ddxφ(−∂2)s/2φ+ g φ4(x) (3.10)
where the scalar field φ represents the spin density and has the conformal weight
∆φ = (d − s)/2. All other composite operators can be built from φ. The lightcone
OPE in this case becomes
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1 + λ
(vu)(d−s)/4
u
∫ ∞
−∞
du′ φ(u′, 0)
≡ 1 + λ(vu)
(d−s)/4
u
S (3.11)
Note that at u→∞ the contribution from S becomes negligible.
N = 4 supersymmetric Yang-Mills theory
Let us consider a CFT in which there are two operators of lowest twist - the stress
tensor and a scalar. For example the N = 4 supersymmetric Yang-Mills theory in
d = 4. The stress tensor Tµν and the scalar primary O2, both belong to the short
multiplet and have the lowest twist τ = 2. For this case the ligtcone OPE takes the
following form
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v) = 1 + λ1vu
2
∫ u
−u
du1K1(u, u1)Tuu(u1, 0)
+ λ2v
∫ u
−u
du2K2(u, u2)O2(u2, 0) (3.12)
As before the kernels K1 and K2 are to be determined by considering the three-point
correlators 〈ψψO2〉 and 〈ψψTuu〉. However note that the two-point function 〈O2Tuu〉
vanishes. Thus when we consider the correlator 〈ψψTuu〉 the third term in the right
hand side of (3.12) drops out and we find the kernel K1 to match with that given
in (2.4). On taking the correlator with 〈ψψO2〉 we found that there is no contribution
from the second term in the right hand side of (3.12). From the contribution of the
third term, we obtain the kernel K2 and see that it matches with (3.7). Therefore
it demonstrates if a CFT has both the stress-tensor and a scalar primary having the
lowest twist, only the stress-tensor contributes in the lightcone OPE at the leading
order, whereas the scalar do at the subleading orders.
4 Scalar analogue of ANEC
Although we have seen in the previous section that the contribution from S in the
lightcone OPE is negligible in a unitary CFT one can still search for an ANEC like
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condition for S.1If the stress tensor or any spin-2 operator share the lowest twist
along with scalar primaries one will have an ANEC for the spin-2 opertors. For a
unitary theory, with a scalar primary as the only lowest twist operator, we now check
if there is a condition for S like the ANEC for E .
One might expect that the condition for S will look like
iλ〈O(y = δ)SO(y = δ)〉 ≥ 0 (4.1)
just replacing λT by λ and E by S in(2.7). However to investigate if this is true we
start with the general form of the lightcone OPE
ψ(u, v)ψ(−u,−v)
〈ψ(u, v)ψ(−u,−v)〉 = 1 + λu
nvmS (4.2)
From (3.8) we have m = ∆φ/2 and n = ∆φ/2− 1 when a scalar primary is the only
lowest twist operator in a CFT. Now we consider the following correlator
G =
〈O(y = δ)ψ(u, v)ψ(−u,−v)O(y = δ)〉
〈O(y = δ)O(y = δ)〉〈ψ(u, v)ψ(−u,−v)〉 . (4.3)
We make the following change of variables
v = −ησ u = 1/σ (4.4)
In the σ-plane G(σ) is analytic in the region enclosed by the contour shown in the
figure 3 and Re(G) ≤ |G| ≤ 1 (for further details see appendix A).
σ = −R σ = R
σ
Figure 3: Integration contour for G(σ). The correlation function is analytic in the
above disc region. The semicircle is the closed contour over which we integrate.
Therefore ∮
dσ(1−G(σ)) = 0 (4.5)
Using the lightcone OPE (4.2) we find
1−G(σ) = (−1)m+1 λ
Nδ
ηmσm−n〈O(y = δ)SO(y = δ)〉 (4.6)
1However for non-unitary CFTs, Rindler positivity does not hold [29, 30].
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where Nδ = 〈O(y = δ)O(y = δ)〉. Performing the contour integration we get
〈O(y = δ)SO(y = δ)〉e
−ipi(m−n+1) − 1
i(m− n+ 1) =
Nδ
ληm
∫ R
−R
dσRe(1−G(σ)) (4.7)
up to an overall sign. The right hand side is real and non-negative according to the
properties of G(σ) as described in A. For a bound like the ANEC to be possible (i.e.
for S to have a definite sign), we must have m− n+ 1 = 0. But we have
m− n+ 1 = (∆φ/2)− (∆φ/2− 1) + 1 = 2 6= 0 (4.8)
The contour integral indeed takes the following form
ληm
Nδ
〈O(y = δ)SO(y = δ)〉
∫
semicircle
dσσ =
∫ R
−R
dσRe(1−G(σ)) (4.9)
However the integral on the LHS evaluates to 0 and we do not get any condition
like (4.1). Thus we see that there is no ANEC-like condition in any CFT where a
scalar is the unique lowest twist operator.
5 Summary and Conclusions
We have studied the ligtcone OPE in a unitary CFT where the lowest twist operator
is a scalar primary operator. There exist some CFTs where both the stress tensor
(or any rank two symmetric tensor primary) and a scalar primary have lowest twist,
for example the N = 4 supersymmetric Yang-Mills theory in d = 4. We show that
in such cases the stress tensor contributes to the lightcone OPE at leading order
whereas the scalar primary contributes at the sub-leading order.
Using the above findings we conclude that for a unitary CFT where a scalar is the
lowest twist operator, we cannot have a scalar analogue of the ANEC. However the
ANEC involving the stress tensor still exists in such theory even if the contribution
from the stress tensor appears at the subleading order in the lightcone OPE.
One can not use the Rindler positivity condition for a non-unitary theory. Thus
our method to obtain ANEC fails in such theories. It will be interesting to propose
a methodology to find ANEC like bounds in the non-unitary CFTs for example the
IR fixed point of φ3 theory in d = 6−  dimension.
It will be interesting to study the lightcone OPE for the CFTs in which the lowest
twist operator is neither the stress tensor nor a scalar operator, say for instance a
conserved current and to check for the existence of analogue of ANEC like bounds.
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A Proof of ANEC
We now summarize the proof of the ANEC as given in [7]. Recall the lightcone OPE
(2.5). Consider the correlator:
Ganec = 〈Oψ(u, v)ψ(−u,−v)O〉 (A.1)
The bar here denotes Rindler reflection [29, 30], which is reflection across the origin
of the u − v plane. Notice that ψ(u, v) is thus the Rindler reflection of ψ(−u,−v),
which we denote as ψ. Using the inner product (A,B) = 〈AB〉 and using the Cauchy
Schwartz inequality we have:
Re(Ganec) ≤ |Ganec| ≤ (〈OψOψ〉〈ψOψO〉)1/2 (A.2)
As both the terms inside the square root are in Rindler positive ordering (see []) it
is dominated by the Euclidean OPE in which we can shift the terms around. This
allows us to write:
〈OψOψ〉 ∼ 〈ψOψO〉 ∼ 〈OO〉〈ψψ〉 (A.3)
Thus we have:
Re(Ganec) ≤ |Ganec| ≤ 〈OO〉〈ψ(u, v)ψ(−u,−v)〉+  (A.4)
 here is a correction term which can be neglected in the lightcone limit. We now
change coordinates to:
v = −ησ u = 1/σ (A.5)
Now consider:
G =
〈O(y = δ)ψ(u, v)ψ(−u,−v)O(y = δ)〉
〈O(y = δ)O(y = δ)〉〈ψ(u, v)ψ(−u,−v)〉 (A.6)
G(σ) follows 2 important properties:
1. For normalized operators O and σ, Re(G) ≤ |G| ≤ 1.
2. G is analytic in a small region near the origin in the lower half plane of σ. This
follows from the fact that the correlator 〈O1(x1)...On(xn)〉 is analytic when we
have Im(x1) / ... / Im(xn) where the / symbol means ‘is in the past light cone
of’.
We choose our integration contour in the form of a half disk with a diameter near the
real σ axis from −R to R and a semicircular region. (see figure 3) Over this contour:∮
dσ(1−G(σ)) = 0 (A.7)
– 9 –
Using the lightcone OPE (2.5) and our new coordinates we have:
G(σ) = 1− λT
Nδ
η
σ
〈O(y = δ)EO(y = δ)〉 (A.8)
where Nδ = 〈O(y = δ)O(y = δ)〉. The sum of the integrals over the line and the
semicircle is equal to 0. After doing the contour integral we are left with:
i〈O(y = δ)EO(y = δ)〉 = Nδ
piλTη
∫ R
−R
dσRe(1−G(σ)) (A.9)
Using property (1) of G(σ) we have:
i〈O(y = δ)EO(y = δ)〉 ≥ 0 (A.10)
Let R be an operator which causes a rotation by pi
2
in the τ − y plane where τ = ιt.
In this process the null contour along which E is computed is also rotated. This gives
us:
(R.O)(t = −iδ) = O(y = δ)
(R.O)†(t = iδ) = O(y = δ)
E ′ = ιE (A.11)
E ′ is the null energy computed along the rotated contour. Thus we get:
i〈O(y = δ)EO(y = δ)〉 = 〈(R.O)†(t = iδ)E(R.O)(t = −iδ)〉 (A.12)
Denoting (R.O) by O, we obtain:
〈O†(t = iδ)EO(t = −iδ)〉 ≥ 0 (A.13)
The above condition in a CFT is sufficient to say that E is a positive operator. This
completes the proof of the ANEC in a CFT.
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